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Abstract 


The main purpose of this paper is to extend the results of fixed point theorems for lipschitzian semigroups. The proofs we give 
follow the results of Ishihara, Suantai and Puengrattana theorems. Using one of the proofs, we also develop a fixed point theorem 
result for nonempty asymptotically total mapping semigroups on uniformly convex Banach spaces. 
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1. INTRODUCTION asymptotically nonexpansive type semigroup. It is 
easy to see that the class of lipschitzian type 
Let S be a semitopological semigroup, i.c.,S isa semigroups contains the class of lipschitzian 
semigroup with a Hausdorff topology such that for semigroups [6]-[8]. 
each aes the mappings s—a-s and s—s-a fromS A semitopological semigroup S is left reversible 
to S are continuous. Let U be a nonempty subset of if any two closed right ideals of S have nonvoid 
Banach space E. Then, family s={t,:ses} of intersection. In this case, (S,=) is a directed system 
mappings from U into itself is said to be a_ when the binary relation “ = ” on S is defined by 
lipschitzian type semigroup on U if s satisfies the b2a_ ifand onlyif {a}uaS 2 {b}ubs, Dhompongsa 
following: et al. [9], Downing and Ray [10], and Ishihara and 
a. T(x) =1.1@) for alls,te Sand xEU, (1) Takahashi [11] proved that in a Hilbert space a 
b. the mapping (x) —T,@ from Sx U into U is uniformly k-lipschitzian semigroup with k <2 has 
continuous when S x U has the product topology, a common fixed point. Later, Ishihara [11][12] 
c. Ts is continuous for all s€S, and _ generalized a result by proving that a lipschitzian 
(2) semigroup in a Hilbert space has a common fixed 
d. there exists positive net {k,} such that for each point if lim supk, < v2. Casini and Maluta [13] and 


x € U we have lim supe,(x) = 0, where Ishihara and Takahashi [14] proved that a uniformly 

; k-lipschitzain semigroup in a Banach space has a 

cs(x) = max sup.) — Ts@)Il — ksllx—ylD, of common fixed point if k<N(@)-?, where N() is the 
¥ 


constant of uniformity of normal structure. Again, 
The class of lipschitzian type semigroups was Ishihara [14] generalized a result by proving that a 
introduced by Dung and Tan [1]. If k,=k for  lipschitzian semigroup in a Banach space has a 
all s € S, then a lipschitzian type semigroup reduces common fixed point if lim supk, < N(E)~/?. In these 
to a uniformly k-lipschitzian type semigroup [2]-[5]. results, except [12], domain U of semigroups were 
Particularly, if k;=1 for all os€S, thus, a assumed to be closed and convex [15]-[17]. 
lipschitzian type semigroup reduces to an Let S be a left reversible semitopological 
semigroup and U be a nonempty subset of Banach 
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Gc) @) semigroup on Uif S satisfies (1) and (2). 
-_ a. for every X € U, the mapping s—T;x from S 


Copyright: into U is continuous, and 
© 2023 by the author(s). b. there exists nonnegative real numbers k,1; with 
Licensee Pandawa Institute, Metro, Indonesia. This article is an lim k, = 0, lim us=0, and a s trictly increasing 


open access article distributed under the terms and conditions 
of the Creative Commons Attribution (CC BY) license (https:// 
creativecommons.org/licenses/by/4.0/). (0) = 0 such that 


continuous function ©: [0,©)—[0,©) with 


90 [5 PANDAWA 


I|T;x — Tsyll = lx —yll + k,(llx —yll) + ps 
forallx,y€UandseEs. 


If p@=A, then a _ total 
nonexpansive semigroup reduces to a generalized 


asymptotically 


asymptotically nonexpansive semigroup. If @@) =A 
and k, =0 forall s€S, then a total asymptotically 
semigroup 
asymptotically nonexpansive semigroup. If @@) =A 
and k,=y»,=0 forall s€S, then a _ total 
asymptotically nonexpansive semigroup reduces to 


nonexpansive reduces to an 


a nonexpansive semigroup [19]-[22]. Suantai and 
Puengrattana proved that a total asymptotically 
nonexpansive semigroup in a uniformly convex 
Banach space has a common fixed point [18]. 
Again, in this result, the domain of the semigroup 
was assumed to be closed and convex. 


2. MATERIALS AND METHODS 


In this paper, we first show that if S is left 
reversible semitopological semigroup and if there 
exists a closed subset C of U- such 
that f,cof{Tx:t>s}CC for all x€U thena 
lipschitzian type semigroup on nonconvex domain 
in a Hilbert space with lim supk, < ¥2 has a common 
fixed point. Next, we prove that the theorem is valid 
in a Banach space E if lim supk, < N(E)-?, These 
results extend the main results in Ishihara [12]. By a 
method of the proof of the theorem, we also prove 
that sS={T,:seEs} a total asymptotically 
nonexpansive semigroup on nonconvex domain in 
Banach space E still has a common fixed point. 
This result improves Theorem 3.3 [18]. 


3. RESULTS AND DISCUSSIONS 


Let {Bukuca be a decreasing net of bounded 
subsets of a Banach space E. For a nonempty subset 
C of E defined as 


r({Bq},x) = infsup{llx— yll #y € Ba} 
r({B,},C) = inf{r({B,},x) : x € C} 
A({B,},C) = {k EC: r({B,},x) =r({B,}, 0} 


We know that r({B,},.) is a continuous convex 
function on E which satisfies the following: 


Ir@B},x) —r@Ba}y)| = Ilx—yll = rQBa},x) +rCBah.y) 
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for all x,y € E. It is easy to see that if E is reflexive 
and if C is closed convex then A({Bg},C) is 
nonempty. Moreover, if E is uniformly convex then 
it consists of a single point in which agreed with 
previous literature [23]. For a subset C, we denote 
by coC the closure of the convex hull of C, by d(©) 
the diameter of C and by R(C) the Chebyshev radius 
of C, Le. R(C) = inf supllx — yl We define the 
uniformity N(e) of normal structure E is the number. 


R(C) 
sup fret 
where the supremum is taken over all nonempty 
bounded convex CCE with d(C) >0. It is also 
known that if N() <1, then E is reflexive, which is 
in line with previous literature [14]. 
The following lemmas play a crucial role in the 


proof of the theorems. We state the first lemma 
which was proved in the previous works[ 1 1][24] as: 


Lemma 2.1. Let C be a nonempty closed convex 
subset of a Hilbert space H. Let {Balaca be a 
decreasing net of nonempty bounded subsets of H 
and let {a} = A({B,},0). Then 

r({B},C)* + lla—xll? < r({B,}, x)? 
for all x € C. 


Lemma 2.2. Let C be a nonempty subset of a 
Hilbert space H [13]. Let {Buca be a decreasing net 
of nonempty bounded subset of C. Then the 
asymptotic center a of {Bakaca in C is an element 
of Na COBg. 

We also state the third lemma which was proved 
before [14] as: 
Lemma 2.3. Let C be a closed convex subset of a 
reflexive Banach space E. Let {B,.3uc,be a decreasing 
net of nonempty bounded closed convex subset of C 
and let B=M,B,. Then the following expression is 
obtained. 

r({B,},B) <= N() infd(B,) 


3.1. Fixed Point Theorems 

We now prove a fixed point theorem for 
lipschitzian type semigroups defined on nonconvex 
domain in Hilbert spaces. 


Theorem 3.1. Let U be a nonempty subset of a 
Hilbert space H and let S be a left reversible 
semitopological semigroup. Let Ss ={T,:s€S} bea 
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lipschitzian type semigroup on U with lim supk, < v2. 
Suppose that {T.y:s€S} is bounded “for some 
y€U and there exists a closed subset C of U 
such that M,co{T;x:t=s}¢C for all x€U. Then 
there exists a z € C such that T,z =z forall s €S. 


Proof. Let B(x) ={T.x:t=s} for s€S and xEU. 
Define {x, : n = 0} by induction as follows: 


Xo —y 
{Xni1} = AC{B,(x,)}, coU) forn = 1 


By Lemma 2.2, we have xy € GONMses Bs(&p_1) FE CEU 
and hence {x} is well defined. Let 
ry(x) =r({B,(x,-1)}.x) and = ry =r({B,(x,_1)},coU) for 


n2=1. Then by Lemma 2.1, we _ have 
Ix—ull?<r,()?-r,? forall uG€coU andn=1. 


Putting u=T,x,, we have 


[Ixy — TsXn ll? S ty (TsXn)? — tn? 
2 
= (lim sup||T.Xp—1 — TsXn ) =e 
: 2 
= (lim sup||T,T.Xp—1 ~ Tyxall) = re 
t 2 
= («. lim supllTin—1 —X,ll+ cx)) —1," 


= (ketm + Con) — tn? 


Let ¢=lim supk,” —1. Then, we obtain 
5 


Mati? S Tata &q)? = lim sup]|lxp — T;xqll? 
s 


< lim sup(k,r, + cs(&q)) —r,? 
Ss 


< ( (im suk,)) —1,? 


2< a2 
Sn° =°N 


forn = lLall. Since 
Xxnsa — Xnll? < 2lbxnsa — Texall? + 21 Texn — xnll? 
for all t€ S and n = 1, we have 
lXn¢1 — Xnll? < 2 lim sup||Tyx_ — Xpsi ll? + 2]im sup|]Tyx_ — xqll? 
< 2ras1? + 2rgii(%,)* <= amr? 
Therefore since ¢ <1, {x,} is a Cauchy sequence of 
C. Let X, — Z. For each s € S we have 
lz — Tgz[]? <= 2]lz — Teall? + 211 T Xn — Tez? 


for all t € S, hence 
\lz — T,zl|? <= 2lim sup||z— T,x,||? + 2lim sup||T,x, — Tz]? 
t t 
<= 2lim sup||z — T,x,||? + 2 lim sup||T,T,x, — T,zll? (3) 
t t 


Note that 


lim sup||T,x, — z||? < 2 lim sup||T,x, — xy II? + 2Ilx, — ll? 
+ t 


= 2rp+1 pn)? * 2|xn z\l? 
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< 21 r,? + 2\|x, — zl? +0 as n> 
From the continuity of T; we also have 


lim sup||T,T,x,; — T;zl|? > 0 as n— co 
t 


Hence from (3) we have T,z = zfor all s€S. This 
completes the proof. 


From Theorem 3.1 we capture the following 
result announced by Ishihara [12]. 
Corollary 3.2. Let U, H, and S as in Theorem 3.1 
and let Ss = {T,: s € S} be a lipschitzian semigroup on 
Uwith lim supk, < v2, Suppose that {T.y:s € S} is 
bounded for some y €U and there exists a closed 
subset C of U such that N,co{T.x:t=s}CC for 
all x€U.Then there exists a z€C such that 
T,z=z foralls€S. 


If we confine ourselves to an asymptotically 
nonexpansive type the 
following result. 


semigroup, we have 


Teorema 3.3. Let U be a nonempty subset of a 
Hilbert space H and let S be a left reversible 
semitopological semigroup. Let 5 ={T,:seS}be a 
lipschitzian type semigroup on U with lim supk, <1. 
Suppose that {T,x:s €S} bounded and 
N,co{Tx:t=s}CuU for some x€U. Then there 
exists a z€C such that T,z=z forall s€S. 


is 


Proof. Let B, ={T,x:t>s} forse€Sand let a be 
the asymptotic center of {B,} in coU. Then by 
Lemma 2.1 and 2.2, we have 
r({B,},coU)? + |la — Tall? = r({B,},T,a)? 
4 (iim sup||T,x — Tall) 
= 2 
< (lim sup||T,T,x — T,all) 


< (ker({B,},a) + e(a))° 


for all t € S. Hence, we have 
lim sup||T,a — all? < lim sup(k,r({B,}, a) + c(a))” — r({B,}, cou)? 
t t 


2 
< (e.2) (tim supk,)) — r({B,}, cou)? 
t 
2 
= ((im sup ky) - 1) r({B,},coU)? =< 0 
t 


For each s€S we have 
la — T,all? < 2|la — T,all? + 2||T.a — T,all? 
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r=) 


for all t€E S, hence 
\la — T,al|? < 2 lim sup]|T,a — all? + 2lim sup||T,T,a — T, al]? 
= 2lim ‘supllT,T.a — T,al|? 
: 


Therefore, by the continuity of T, we have T,a=a 
for all s €S.This completes the proof. 


From Theorem 3.3 we capture the following 
result announced by Ishihara [12]. 
Corollary 3.4. Let U, H, and S as in Theorem 3.3 
and S={T;:s€S} bea lipschitzian semigroup on 
U with lim supk,=1. Suppose that {T,x:s€S} is 
bounded and N,cof{Tx:t>s}CU forsome x€U. 
Then there exists a z€C such that T,z=z for 
alls ES. 


Next, by a method similar to that of the proof of 
Theorem 3.1, we prove a fixed point theorem for 
lipschitzian type semigroups defined on nonconvex 
domain in Banach spaces. 

Theorem 3.5. Let U be a nonempty subset of a 
Banach space E with N)<1 and let S be a left 
Let 
5 = {T, +s € S} be a lipschitzian type semigroup on U 
with lim supk, < N(E)-/2. Suppose that {T.y:se€s} is 


reversible semitopological semigroup. 


bounded for some y €U and there exists a closed 
subset C of U such that f,co{Tx:t>s}Cc for 
all x€U. Then there exists a z€C_ such _ that 
T,z=z for all sES. 


Proof. Let B,(x) = co{T,x:t>s} and let B@ =n,B,@)for 
s€S and x€U. Define {x,:n>0} by induction as 
follows: 
Xo —Y, 
x € A({B,(xn-1)}, B(x,-1)) forn=> 1. 


Well-definedness of {,} follows from that B@) ¢ cc U 
for all x€U. Let m@®=r({B.G,)}hx) and 
ry =r({B.-)}BGn-)) for m=1. Then from 
Xp © BOxy-1) = M:BiCKn-1) for n = 1, and Lemma 2.3 
we have 


T'n+1 (Xp) = lim sup||T,x, — x,|| < lim sup lim sup|lTexn—1 — T;Xy II 

s s 

< lim suplim sup||T,T,x,_; — T;Xnll 
s £ 

<= lim suplim sup(kg||T.xp—1 —Xyll + c.(Xn)) 
s t 

< (tim supk) ry (x,) + lim supc,(x,) 

s s 


— (lim supky) r= (lim sup ks) N(E) inf d(B,(n-1)) 
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and 
infd(B,(x,-1)) = infsup{I|T,Xn—1 — TeXn-all + a,b > s} 


< lim suplim sup||T,x,_, — T;X,_1]| 

< lim suplim suplITsTea-4 — T;Xn-1Il 

< lim suplim sup(k. WTXp—1 —Xn—all + cs&n-1)) 
< mud lim sup(kg|ITXp—-1 — Xn-ill + ¢s&n-1)) 


— (lim supk, }r,(x,_1) 
s 


Let c= (tim supk,”) N(E). Then we have 


Pati Xn) = (lim = kz) r= (lim = k.”) N(E)r,(&n-1) 


= Ty (Xp_-1) = 6"1r Kp) 
and 


IXn+1 — Xall = r({B,(xn)}, B(x,)) +r({B,(&y)},¥n) 


= Tpei + Mati Gy) 


< (tim sup k) N(E)rps1 pq) + Tas &n) 


< (Ne) (iim sup kz) + 1) #7460) 


for all n=1. So, {x,} is a Cauchy sequence of C 
and hence {x,} converges to a point ze€EC. For 
each sES wehave 
lz —Tszl] = [lz — Tyxgll + [ITxn — TszIl 

for all tES, hence 
\|z — T,z|| < lim sup]|z — T,x,|] + lim sup||T,x, — T,z|| 

: t 

< lim sup]||z — T,x, || + lim sup||T,T,x, — T,z|l 
t t 
(4) 
Note that 
lim sup||T,x, — zl] < lim sup||T,x, —x,]I + Ilx, — zll 
t 
= Tn41(&p) + [Xp —zll 


= o'r, (xq) + Ix, —zll -> 0 as no 


From the continuity of T,; we also have 

lim sup||T,T,x, —T;zll > 0 as no 
Hence from (4) we have T,z=z for all se€S. This 
completes the proof. 


From Theorem 3.5 we also capture the following 
result announced by Ishihara [12]. 
Corollary 3.6. Let U, E, and S as in Theorem 3.5 
and let s={T,:s€S} 
on U_ with lim supk, < N(E)-2/2. Suppose that 
{T,y: s € S}is bounded for some y€U_ and there 
subset C of U_ such _ that 
f, cofT,x:t=s}Cc forall xe€U. Then there exists 
a z€C suchthat T,z=z forall ses. 


be a lipschitzian semigroup 


exists a closed 


Now we state a fixed point theorem for total 


[5D PANDAWA 


93 


J. Multidiscip. Appl. Nat. Sci. 


asymptotically nonexpansive semigroups defined 
on nonconvex domain in Banach spaces. We use a 
method of the proof of Theorem 3.5 to prove the 
following result. 

Theorem 3.7. Let U be a nonempty subset of a 
Banach space E with N(E)<1 and let S be a left 
reversible semitopological semigroup. Let 
S={T,:s€S} be a __ total asymptotically 
nonexpansive semigroup on U. Suppose that 
{T,y:s €S} is bounded for some yev_ and there 
exists a closed subset C of U_ such that 
N,co{T.x:t*s}CC for all x€U. Then there exists 
a z€C suchthat T,z=z forall ses. 


Proof. Fix ¢€(N(),1). Let B,@) =coftx:t>s} and let 
B(x) = N,B,(x) fors € Sand x€U. Define {x, : n> 0} by 
induction as follows: 
Xo —y 
X, E A({B.(&p-1)}, B&n-1)) untuk n>1 

Well-definedness of {x,} follow from that 
B(x) ©€CCU forall xEU. Let ry) =r({B,(,_1)},x) 
and r, = r({B,p-1)}, B&n_-1)) for n>=1. Then from 
x, © B(x,_1) = 1: B(x,_1) for n => 1, and Lemma 2.3 
we have 


T'n+1 (Xp) = lim sup||T,x, — x,|| < lim suplim sup||T,x,_; — T,x,|I 
Ss 5 t 
< lim suplim sup||T,T,x,_; — T;xy|I 
s t 


<= lim sup lim sup(lITen—1 <= Xnll + k.([lTxn-1 = Xnll) + i) 
s 
<= ry(x,) + (lim sup (ks lim sup $(||Tx;-1 — xyll) + is)) 
s t 


=r <= ginfd(B,@n-1)) 


and 
inf d(B.(%n-1)) <lim sup lim sup||Tzx_~-1 — TsXn-1 I 
° < lim sup lim sup||T,T;x,;_1 —T-Xn-1Il 
< ia ai lim sup (||Txp-1 — Xn-1ll + ks@ 
(Ux n—a — Xnll) +45) 
= On) + (lim sup (ks lim 7 P(TexX_-1 


~ xyll) +i2)) 


= T(&p-1) 


Then we have 
Tnt1@n) = Stn) = 6"71 Oo) 
and 
Xn+1 — Xnll < r({B. Gn}, Bn) + 17 CBsCn)}, Xn) 
= Tn+1 + Tri On) 
<= GTni1 Gn) + Trai Gn) 


= 2g"11 (xq) 


for all n>1. Then as in the proof of Theorem 3.5, it 
follows that the sequence {x,} convergences to some 
z€C for which 1,z =z for all ses. This completes 
the proof. 


From Theorem 3.7 we are ready to capture the 
following result announced by Suantai and 
Puengrattana, who also give an alternative proof 
[18]. 

Corollary 3.8. Let S_ be 
semitopological semigroup, U be a nonempty 


a left reversible 


closed convex subset of a uniformly convex Banach 
space E, and s ={1,:s € s} be a total asymptotically 
nonexpansive semigroup on U. Then s has a 
common fixed point if and only if {7,x:s €S}is 
bounded for some x € U. 


Proof. The necessity is obvious. For sufficiency, 
this follows since a uniformly convex Banach space 
E has a property NC) <1[25]. These complete the 
proof. 


4. CONCLUSIONS 


We conclude the paper by stating the Hilbert 

space version of Theorem 3.7. The proof is too 
similar to that of Theorem 3.3 and is therefore 
omitted. 
Theorem 3.9. Let U be a nonempty subset of a 
Hilbert space H and let S be a left reversible 
semitopological semigroup. Let s ={T,;:s€S} bea 
total asymptotically nonexpansive semigroup on U. 
Suppose that {T,x:ses} is bounded 
MN; co{T,x: t= s}CU for some xe€U. Then there exists 
a z€C such that T,z=z forall ses. 


and 
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